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CONSTRUCTIONS OF p-ADIC L-FUNCTIONS AND ADMISSIBLE
MEASURES FOR HERMITIAN MODULAR FORMS
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Dedicated to Professor Mirjana Vuković on the occasion of her 70th birthday

ABSTRACT. For a primep and a positive integern, the standard zeta function
LF (s) is considered, attached to an Hermitian modular formF = ∑H A(H)qH

on the Hermitian upper half planeHn of degreen, whereH runs through semi-
integral positive definite Hermitian matrices of degreen, i.e. H ∈ Λn(O) over
the integersO of an imaginary quadratic fieldK, whereqH = exp(2πiTr(HZ)).
Analytic p-adic continuation of their zeta functions constructed by A.Bouganis
in the ordinary case (in [Bou16] is presently extended to theadmissible case
via growingp-adic measures. Previously this problem was solved for the Siegel
modular forms, [CourPa], [BS00]. Present main result is stated in terms of the
Hodge polygonPH(t) : [0,d] → R and the Newton polygonPN(t) = PN,p(t) :
[0,d] → R of the zeta functionLF(s) of degreed = 4n. Main theorem gives a
p-adic analytic interpolation of theL values in the form of certain integrals with
respect to Mazur-type measures.

1. INTRODUCTION

1.1. p-adic zeta functions of modular forms

Since thep-adic zeta function of Kubota-Leopoldt was constructed byp-adic
interpolation of zeta-valuesζ(1− k) = −Bk/k(k ≥ 1) [KuLe64], alsop-adic zeta
functions of various modular forms were constructed, such as p-adic interpolation
of the special values

L∆(s,χ) =
∞

∑
n=1

χ(n)τ(n)n−s, (s= 1,2, · · · ,11), ∆ =
∞

∑
n=1

τ(n)qn,

for the Ramanujan functionτ(n) twisted by Dirichlet charactersχ :
(Z/prZ)∗ → C∗. Interpolation done in the elliptic and Hilbert modular cases by
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Yu.I.Manin and B.Mazur, via modular symbols andp-adic integration, see [Ma73],
[Ma76]).

In the Siegel modular case Sp(2n,Z) the p-adic standard zeta functions were
constructed in [Pa88], [Pa91] via Andrianov’s identity of Rankin-Selberg type (n
even), and [BS00] via doubling method.

1.2. Hermitian modular group Γn,K and the standard zeta function Z(s, f)
(definitions)

Let θ = θK be the quadratic character attached toK,n′ =
[

n
2

]

.

Γn,K =

{

M =

(

A
C

B
D

)

∈ GL2n(OK)|MηnM∗ = ηn

}

, ηn =

(

0n

In

−In
0n

)

,

Z(s, f) =

(

2n

∏
i=1

L(2s− i +1,θi−1)

)

∑
a

λ(a)N(a)−s,

(defined via Hecke’s eigenvalues:f|T(a) = λ(a)f,a ⊂ OK)

=∏
q

Zq(N(q)−s)−1(an Euler product over primesq⊂ OK ,

with degZq(X) = 2n, the Satake parametersti,q, i = 1, · · · ,n),

D(s, f) = Z(s− ℓ

2
+

1
2
, f) (Motivically normalized standard zeta function

with a functional equations 7→ ℓ−s; rk= 4n, and motivic weightℓ−1).

Main result: p-adic interpolation of all critical valuesD(s, f,χ) normalized by
×ΓD(s)/Ωf , in the critical stripn≤ s≤ ℓ−n for all χ mod pr in both bounded
or unbounded case , i.e. when the productαf =

(

∏q|p ∏n
i=1 tq,i

)

p−n(n+1) is not a
p-adic unit.

1.3. The idea of motivic normalization: Ikeda’s lifting [Ike08]

The standard Gamma factor of Ikeda’s lifting, denoted byf, of an elliptic mod-
ular form f extends to a general (not necessarily lifted) Hermitian modular form f
of weightℓ, used as a pattern, namely

S2k+1(Γ0(D),θ) ∋ f  f = Li f t ( f ) ∈ S2k+2n′(ΓK,n), if n= 2n′ is even(E)

S2k(SL(Z)) ∋ f  f = Li f t ( f ) ∈ S2k+2n′(ΓK,n), if n= 2n′+1 is odd(O)

the standardL− function off = Li f t (n)( f ) is Z(s, f) =
n

∏
i=1

L(s+k+n′− i +(1/2), f )L(s+k+n′− i +(1/2), f ,θ) [Ike08]

=
n−1

∏
i=0

L(s+ ℓ/2− i − (1/2), f )L(s+ ℓ/2− i − (1/2), f ,θ).
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because in the lifted casek+n′ = ℓ/2, and the Gamma factor of the standard zeta
function with the symmetrys 7→ 1− s becomesΓZ(s) = ∏n−1

i=0 ΓC(s+ ℓ/2− i −
(1/2))2.

This Gamma factor suggests the following motivic normalization D(s, f)=Z(s−
(ℓ/2)+ (1/2), f) with the Gamma factor

ΓZ(s− (ℓ/2)+ (1/2)) =
n−1

∏
i=0

ΓC(s− i)2,

so that for Ikeda’s lifting case there is a nice identity

D(s, f) = ΓD(s, f) =
n−1

∏
i=0

L(s− i, f )L(s− i, f ,θ).

TheL-functionD(s) satisfies the symmetrys 7→ ℓ−sof motivic weightℓ−1 with
the slopes 2·0,2·1, . . .2· (n−1),
2·(ℓ−n), · · · ,2·(ℓ−1), so that Deligne’s critical values are ats= n, . . . ,s= ℓ−n.
Moreover the existence ofp-adic L-funcions directly follows in this case from
the product (even in the admissible case (non-ordinaryp, e.g. for f = ∆, p = 7,
τ(7) = −16744= −23 ·7 ·13·23 (for anyK, but n = 2n′ + 1 must be odd) with
ℓ= 2k+2n′ = 12+2n′.

2. GENERAL ZETA FUNCTIONS: CRITICAL VALUES AND COEFFICIENTS

More general zeta functions are Euler products of degreed

D(s,χ) =
∞

∑
n=1

χ(n)ann−s = ∏
p

1
Dp(χ(p)p−s)

, ΛD(s,χ) = ΓD(s)D(s,χ),

where degDp(X) = d for all but finitely manyp, andDp(0) = 1.

In many cases algebraicity of the zeta values was proven as

D∗(s0,χ)
Ω±

D

∈Q({χ(n),an}n), whereD∗(s,χ) is normalized byΓD ,

at critical pointss0 ∈ Zcrit as linear combinations of coefficientsan dividing out
periodsΩ±

D , whereD∗(s0,χ) = ΛD(s0,χ) if hℓ,ℓ = 0.

In p-adic analysis, the Tate field is usedCp =
ˆ̄Qp, the completion of an algebraic

closureQ̄p, in place ofC. Let us fix embeddings

{

ip : Q̄ →֒ Cp

i∞ : Q̄ →֒ C,
and try to

continue analytically these zeta values tos∈ Zp, χ mod pr .
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2.1. Main result stated with Hodge/Newton polygons ofD(s)

The Hodge polygonPH(t) : [0,d]→ R of the functionD(s) and
the Newton polygonPN,p(t) : [0,d]→ R at p are piecewise linear:
The Hodge polygon of pure weightw has the slopesj of lengthj = h j,w− j given by
Serre’s Gamma factors of the functional equation of the forms 7→w+1−s, relating
ΛD(s,χ) = ΓD(s)D(s,χ) andΛDρ(w+1−s, χ̄), whereρ is the complex conjuga-
tion of an, and ΓD(s) = ΓDρ(s) equals to the productΓD(s) = ∏ j≤w

2
Γ j,w− j(s),

where

Γ j,w− j(s) =

{

ΓC(s− j)hj,w− j
, if j < w,

ΓR(s− j)hj, j
+ ΓR(s− j +1)hj, j

− , if 2 j = w, where

ΓR(s) = π− s
2 Γ
( s

2

)

,ΓC(s) = ΓR(s)ΓR(s+ 1) = 2(2π)−sΓ(s), h j, j = h j, j
+ + h j, j

− ,

∑
j

h j,w− j = d.

The Newton polygon atp is the convex hull of points(i,ord p(ai)) (i = 0, . . . ,d);
its slopesλ are the p-adic valuations ordp(αi) of the inverse rootsαi of
Dp(X) ∈ Q̄[X]⊂ Cp[X]: lengthλ = ♯{i | ordp(αi) = λ}.

2.2. A p-adic analogue ofL f (s) (Manin-Mazur)

It is a p-adic analytic functionL f ,p(s,χ) of p-adic argumentss∈ Zp, χ mod pr

which interpolates algebraic numbers

L∗
f (s,χ)/ω± ∈ Q̄ →֒ Cp =

ˆ̄Qp (the Tate field)

for 1 ≤ s ≤ k− 1, ω± are periods off (for example, in the Hurwitz case
f = gψ = fm, andω± = Ωm ). The complex analyticL function of f is defined
for all s ∈ C; in the absolutely convergent caseℜ(s) > (k+ 1)/2, L∗

f (s,χ) =
ΓC(s) ∑

n≥1

χ(n)ann−s, is a holomorphic function with a functional equation

s 7→ k−s. According to Manin and Shimura, the ratio is algebraic if the periodω±

is chosen according to the parityχ(−1)(−1)−s =±1.

Application: if an elliptic curveE/Q with complex multiplication byK has
infinitly many rational points thenL(E,1) = 0 because infinitely many primesp
divide L∗

fK (1,χ)/Ω, see [CoWi77].

3. p-ADIC ANALYTIC INTERPOLATION OF D(s, f,χ)

The result expresses the zeta values as integrals with respect to p-adic Mazur-
type measures. These measures are constructed from the Fourier coefficients of
Hermitian modular forms, and from eigenvalues of Hecke operators on the unitary
group.
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Pre-ordinary case: PH(t) = PN,p(t) at t = d
2 The integrality of measures is

proven by T.Bouganis [Bou16], representingD∗(s,χ) =ΓD(s)D(s,χ) as a Rankin-
Selberg type integral at critical pointss= m. Coefficients of modular forms in this
integral satisfy Kummer-type congruences and produce certain bounded measures
µD from integral representations and Petersson product, [CourPa]. For the case of
p inert inK, see [Bou16].

Admissible case: h= PN(
d
2)−PH(

d
2)> 0 The zeta distributions are unbounded,

but their sequence produceh-admissible (growing) measures of Amice-Vélu-type,
allowing to integrate any continuous charactersy∈ Hom(Z∗

p,C
∗
p) = Yp. A general

result is used on the existence ofh-admissible (growing) measures from binomial
congruences for the coefficients of Hermitian modular forms. Their p-adic Mellin
transformsLD(y) =

∫
Z∗

p
y(x)dµD (x), LD : Yp →Cp give p-adic analytic interpola-

tion of growth loghp(·) of theL-values: the valuesLD(χxm
p ) are integrals given by

ip

(

D∗(m, f,χ)
Ωf

)

∈ Cp.

3.1. A Hermitian modular form of weight ℓ with character σ

is a holomorphic functionf on Hn (n≥ 2) such thatf(g〈Z〉) = σ(g)f(Z) j(g,Z)ℓ

for any g ∈ Γn,K . Hereσ be a character ofΓ(n)
K , trivial on

{(

1n
0

B
1n

)}

, and for

Z ∈ Hn, putg〈Z〉= (AZ+B)(CZ+D)−1, j(g,Z) = det(CZ+D).

Fourier expansions: a semi-integral Hermitian matrix is a Hermitian matrix
H ∈ (

√−DK)
−1Mn(O) whose diagonal entries are integral.

Denote the set of semi-integral Hermitian matrices byΛn(O), the subset of its
positive definite elements isΛn(O)+, with O = OK .

A Hermitian modular formf is called a cusp form if it has a Fourier expansion
of the formf(Z) = ∑

H∈Λn(O)+
A(H)qH . Denote the space of cusp forms of weightℓ

with characterσ by Sℓ(Γn,K ,σ).

4. THE STANDARD ZETA FUNCTION OF AHERMITIAN MODULAR FORM

For all integral idealsa⊂ O let T(a) denotes the Hecke operator associated to it
as in [Shi00], page 162, using the action of double cosetsΓξΓ with ξ = diag(D̂,D),
(det(D)) = (α), D̂ = (D∗)−1, α ∈ a.

Consider a non-zero Hermitian modular formf ∈ Mcℓ(Γ), for a (congruence)
subgroupΓ ⊂ Γn,K , and assumef|T(a) = λ(a)f with λ(a) ∈C for all integral ideals
a⊂ O. Then

Z(s, f) =

(

2n

∏
i=1

L(2s− i +1,θi−1)

)

∑
a

λ(a)N(a)−s,
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the sum is over all integral ideals ofOK .

This series has an Euler product representationZ(s, f) = ∏q(Zq(N(q)−s)−1,
where the product is over all prime ideals ofOK , Zq(X) is the numerator of the
series∑r≥0λ(qr)Xr ∈ C(X), computed by Shimura as follows.

4.1. Euler factors of the standard zeta function,[Shi00], p. 171

The Euler factorsZq(X) in the Hermitian modular case at the prime idealq of
OK are

(i) Zq(X) =
n

∏
i=1

(

(1−N(q)n−1tq,iX)(1−N(q)nt−1
q,i X)

)−1
,

if qρ = q andq 6 | c, ( the inert case outside levelc),

(ii) Zq1(X1)Zq2(X2) =
2n

∏
i=1

(

(1−N(q1)
2nt−1

q1q2,iX1)(1−N(q2)
−1tq1q2,iX2)

)−1
,

if q1 6= q2,q
ρ
1 = q2 andqi 6 | c for i = 1,2 (the split case outside level),

(iii) Zq(X) =
n

∏
i=1

(

1−N(q)n−1tq,iX
)−1

, if qρ = q andq|c (inert level divisors ),

(iv) Zq1(X1)Zq2(X2) =
n

∏
i=1

(

(1−N(q1)
n−1t−1

q1q2,iX1)(1−N(q2)
n−1tq1q2,iX2)

)−1
,

if q1 6= q2,qi |c for i = 1,2 (split level divisors).

where thet?,i above for ?= q,q1q2, are the Satake parameters of the eigenformf.

4.2. The standard motivic-normalized zetaD(s, f,χ)

The standard zeta function off is defined by means of thep-parameters as the
following Euler product:

D(s, f,χ) = ∏
p

2n

∏
i=1

{(

1− χ(p)αi(p)
ps

)(

1− χ(p)α4n−i(p)
ps

)}−1

,

whereχ is an arbitrary Dirichlet character. Thep–parametersα1(p), . . . ,α4n(p)
of D(s, f,χ) for p not dividing the levelC of the form f are related to the the 4n
characteristic numbers

α1(p), · · · , α2n(p), α2n+1(p), · · · , α4n(p)

of the product of allq-factorsZq(Nq(ℓ−1)/2)X)−1 for all q|p, which is a polynomial
of degree 4n of the variableX = p−s (for almost allp) with coefficients in a number
field T = T(f) .

There is a relation between the two normalizationsZ(s− ℓ
2 +

1
2, f) = D(s, f)

explained in [Ha97] for general zeta functions.
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Motivically, the funcionD(s, f) should correspond toL(s,ResK/Q(Mf)⊗χ) with
rkK(Mf) = 2n, and ResK/Q(Mf) = 4n (Weil restriction of scalars of a motiveMf
overK toQ) .

5. DESCRIPTION OF THEMAIN RESULTS

Let Ωf be a period attached to an Hermitian cusp eigenformf, D(s, f) =
Z(s− ℓ

2 +
1
2, f) the standard zeta function, and

αf = αf,p =

(

∏
q|p

n

∏
i=1

tq,i

)

p−n(n+1), h= ordp(αf,p),

The number αf turns out to be an eigenvalue of Atkin’s type operator
Up : ∑H AHqH 7→ ∑H ApHqH on somef0, andh= PN(

d
2)−PH(

d
2).

Definition 5.1. Let M be aO-module of finite rank whereO ⊂ Cp. For h ≥ 1,
consider the followingCp-vector spaces of functions onZ∗

p : C h ⊂ C loc−an ⊂ C .
Then:

- a continuous homomorphism µ: C → M is called a (bounded) measure M-
valued measure onZ∗

p.
- µ : C h → M is called an h admissible measure M-valued measure onZ∗

p mea-
sure if the following growth condition is satisfied

∣

∣

∣

∣

∫
a+(pv)

(x−a) jdµ

∣

∣

∣

∣

p

≤ p−v(h− j)

for j = 0,1, ...,h− 1, and etYp = Homcont(Z
∗
p,C

∗
p) be the space of definition of

p-adic Mellin transform

Theorem 5.1([Am-V], [MTT]) . For an h-admissible measure µ, the Mellin trans-
form Lµ : Yp → Cp exists and has growth o(logh) (with infinitely many zeros).

Theorem 5.2 (Main Theorem). Let f be a Hermitian cusp eigenform of degree
n≥ 2 and of weightℓ > 4n+2. There exist distributions µD,s for s= n, · · · , ℓ−n
with the properties:

i) for all pairs (s,χ) such that s∈ Z with n≤ s≤ ℓ−n,∫
Z∗

p

χdµD,s = Ap(s,χ)
D∗(s, f,χ)

Ωf

(under the inclusion ip), with elementary factors Ap(s,χ) = ∏q|p Aq(s,χ) including
a finite Euler product, Satake parameters tq,i , gaussian sums, the conductor ofχ;
the integral is a finite sum.

ii) if ordp
(

(∏q|p ∏n
i=1 tq,i)p−n(n+1)

)

= 0 then the above distributions µD,s are
bounded measures, we set µD = µD,s∗ and the integral is defined for all continuous
characters y∈ Hom(Z∗

p,C
∗
p) =: Yp.
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Their Mellin transformsLµD
(y) =

∫
Z∗

p
ydµD , LµD

: Yp → Cp, give bounded
p-adic analytic interpolation of the above L-values to on the Cp-analytic group

Yp; and these distributions are related by:
∫

X
χdµD,s =

∫
X

χxs∗−sdµ∗D , X = Z∗
p,

where s∗ = ℓ−n, s∗ = n.

iii) in the admissible case assume that0< h≤ s∗−s∗+1
2

=
ℓ+1−2n

2
, where

h = ordp
(

(∏q|p ∏n
i=1 tq,i)p−n(n+1)

)

> 0, Then there exist h–admissible measures

µD whose integrals
∫
Z∗

p
χxs

pdµD are given by ip

(

Ap(s,χ)
D∗(s, f,χ)

Ωf

)

∈ Cp with

Ap(s,χ) as in (i); their Mellin transformsLD(y) =
∫
Z∗

p
ydµD , belong to the type

o(logxh
p).

iv) the functionsLD are determined byi)-iii)

5.1. Eisenstein series and congruences

The (Siegel-Hermite) Eisenstein seriesE2ℓ,n,K(Z) of weight 2ℓ, character det−ℓ,
is defined in [Ike08] byE2ℓ,n,K(Z) = ∑

g∈Γn,K,∞\Γn,K

(detg)ℓ j(g,Z)−2ℓ (converges for

ℓ > n). The normalized Eisenstein series is given by
E2ℓ,n,K(Z) = 2−n ∏n

i=1 L(i −2ℓ,θi−1) ·E2ℓ,n,K(Z).

If H ∈ Λn(O)+, then theH-th Fourier coefficient ofE (n)
2ℓ (Z) is polynomial overZ

in variables{pℓ−(n/2)}p, and equals

|γ(H)|ℓ−(n/2) ∏
p|γ(H)

F̃p(H, p−ℓ+(n/2)),γ(H) = (−DK)
[n/2] detH.

Here,F̃p(H,X) is a certain Laurent polynomial in the variables{Xp = p−s,X−1
p }p

over Z. This polynomial is akey point in proving congruencesfor the modu-
lar forms in aRankin-Selberg integral. Also, for a certain congruence subgroup

C= Γc, s∈C and a Hecke ideal characterψ modc, the series is defined

E(Z,s, ℓ,ψ) = ∑
g∈C∞\C

ψ(g)(detg)ℓ j(g,Z)−2ℓ|(detg) j(g,Z)|−s.

5.2. An integral representation of Rankin-Selberg type

The integral representation of Rankin-Selberg type in the Hermitian modular
case: is stated for the levelc moodular forms:

Theorem 5.3((Shimura, Klosin, see [Bou16], p.13.)). Let 0 6= f ∈ Mcℓ(Γc,ψ)) of
scalar weightℓ, ψ modc, such that∀a, f|T(a) = λ(a)f, and assume that2ℓ ≥ n,
then there existsT ∈ S+∩GLn(K) andR ∈ GLn(K) such that
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Γ((s))ψ(det(T ))Z(s+3n/2, f,χ) =
Λc(s+3n/2,θψχ) ·C0〈f,θT (χ)E(s̄+n, ℓ− ℓθ,χρψ)〉Csec,

whereE(Z,s, ℓ− ℓθ,ψ)Csec is a normalized group theoretic (or adelic) Eisenstein
series with components as above of levelcsecdivisible byc, and weightℓ−ℓθ. Here
〈·, ·〉Csec is the normalized Petersson inner product associated to thecongruence
subgroup Csecof levelcsec.

Γ((s)) = (4π)−n(s+h)Γι
n(s+h),Γι

n(s) = π
n(n−1)

2

n−1

∏
j=0

Γ(s− j),

where h= 0 or 1, C0 the index of a subgroup. �

From this integral one obtains the Gamma factors forD(s): ΓD(s)= L∞(s, f,χ)=
= ∏n−1

j=0 ΓC(s− j)2, with the symmetrys 7→ ℓ−s.

These factors suggest the following form of the Hodge polygon of D(s, f,χ) of
rankd = 4n as that of the Hodge numbersh j,w− j below (in the increasing order of
slopesj, of weightw= ℓ−1):

2· (0, ℓ−1), . . . ,2· (n−1, ℓ−n),

2· (ℓ−n,n−1), . . . ,2· (ℓ−1,0),

following Serre’s recipe [Se70], p.11.

5.3. Proof of the Main Theorem (ii): Kummer congruences

Let us se the notationDalg
p (m, f,χ) = Ap(s,χ)

D∗(m, f,χ)
Ωf

The integrality of measures is proven representingD
alg
p (m,χ) as Rankin-Selberg

type integral at critical pointss= m. Coefficients of modular forms in this inte-
gral satisfy Kummer-type congruences and produce bounded measuresµD whose
construction reduces to congruences of Kummer type betweenthe Fourier co-
efficients of modular forms, see also [Bou16]. Suppose that we are given in-

finitely many ”critical pairs”(sj ,χ j) at which one has an integral representation

Dalg
p (sj , f,χ j) = Ap(s,χ)

〈f,h j 〉
Ωf

with all h j = ∑T b j,T qT ∈ Mc in a certain finite-

dimensional spaceMc containingf and defined over̄Q. We prove the following
Kummer-type congruences:

∀x∈ Z∗
p, ∑

j

β jχ jx
kj ≡ 0 modpN =⇒ ∑

j

β jD
alg
p (sj , f,χ)≡ 0 modpN

β j ∈ Q̄,k j = s∗−sj , wheres∗ = ℓ−n in our case.
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5.4. Admissible Hermitian case

Let f ∈ Sℓ(C,ψ) be a Hecke eigenform for the congruence subgroupC = Γc of
level c. Let q be a prime ofK over p, which is inert overQ. Then we say thatf
is pre-ordinary atq if there exists an eigenform 06= f0 ∈ Mc{p} ⊂ Sℓ(Cp,ψ) with
Satake parameterstq,i such that

∥

∥

∥

∥

∥

(

n

∏
i=1

tq,i

)

N(q)−
n(n+1)

2

∥

∥

∥

∥

∥

p

= 1,

where‖‖p the normalized absolute value atp.

The admissible case corresponds to
∥

∥

∥

∥

∥

(

∏
q|p

n

∏
i=1

tq,i

)

p−n(n+1)

∥

∥

∥

∥

∥

p

= p−h for a positiveh> 0.

An interpretation ofh as the differenceh= PN,p(d/2)−PH(d/2) comes from the
above explicit relations.

5.5. Existence ofh-admissible measures

of Amice-Vélu-type gives an unboundedp-adic analytic interpolation of theL-
values of growth loghp(·), using the Mellin transform of the constructed measures.
This condition says that the product∏n

i=1 tp,i is nonzero and divisible by a certain
power ofp in O:

ordp

(

∏
q|p

(

n

∏
i=1

tq,i

)

p−n(n+1)

)

= h.

We use an easy condition of admissibility of a sequence of modular distributions
Φ j on X = Z∗

p with values in the semigroup algebraO[[q]] = O[[qH ]]H∈Λ(O)+ as in
Theorem 4.8 of [CourPa]. It suffices to check congruences of the type (withκ= 4)

Uκv
( j

∑
j ′=0

(

j
j ′

)

(−a0
p)

j− j ′Φ j ′(a+(pv)
)

∈Cpv jO[[q]]

for all j = 0,1, . . . ,κh−1. Heres= s∗− j ′, Φ j ′(a+(pv)) a certain convolution of
two Hermitian modular forms, i.e.

Φ j ′(χ) = θ(χ) ·E(s,χ)
of a Hermitian theta seriesθ(χ) and an Eisenstein seriesE(s,χ) with any Dirichlet
characterχ mod pr . We use a general sufficient condition of admissibility of a se-
quence of modular distributionsΦ j onX = Z∗

p with values inO[[q]] as in Theorem
4.8 of [CourPa].
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5.6. Proof of the Main Theorem (iii): (admissible case)

Using a Rankin-Selberg integral representation forDalg(s, f,χ) and an eigen-
function f0 of Atkin’s operatorU(p) of eigenvalueαf on f0 the Rankin-Selberg
integral ofFs,χ := θ(χ) ·E(s,χ) gives

Dalg(s, f,χ) =
〈f0,θ(χ) ·E(s,χ)〉

〈f, f〉 (the Petersson product onG= GU(ηn))

= α−v
f

〈f0,U(pv)(θ(χ) ·E(s,χ))〉
〈f, f〉 = α−v

f
〈 f0,U(pv)(Fs,χ)〉

〈f, f〉 .

Modification in the admissible case: instead of Kummer congruences, to esti-

matep-adically the integrals of test functions:M = pv:
∫

a+(M)
(x− a) jdDalg :=

j

∑
j ′=0

(

j
j ′

)

(−a) j− j ′
∫

a+(M)
x j ′dDalg, using the orthogonality of characters and the

sequence of zeta distributions
∫

a+(M)
x jdDalg =

1
♯(O/MO)× ∑

χ modM

χ−1(a)·
∫

X χ(x)x j dDalg,
∫

X χdD
alg
s∗− j = Dalg(s∗− j, f ,χ) =:

∫
X χ(x)x j dDalg.

5.7. Congruences between the coefficients of the Hermitian modular forms

In order to integrate any locally-analytic function onX, it suffices to check the
following binomial congruences for the coefficients of the Hermitian modular form
Fs∗− j,χ = ∑ξ v(ξ,s∗− j,χ)qξ : for v≫ 0, and a constantC

1
♯(O/MO)×

j

∑
j ′=0

(

j
j ′

)

(−a) j− j ′ ∑
χ modM

χ−1(a)v(pvξ,s∗− j ′,χ)qξ

∈Cpv jO[[q]] (This is a quasimodular form ifj ′ 6= s∗)

The resulting measureµD allows to integrate all continuous characters in

Yp = Homcont(X,C∗
p), including Hecke characters, as they are always locally ana-

lytic.
Its p-adic Mellin transformLµD

is an analytic function onYp of the logarithmic
growthO(logh), h= ordp(α). �

5.8. Appendix A. Rewriting the local factor at p with character θ

Notice that ifθ is the quadratic character attached toK/Q then

(1−αpX)(1−αpθ(p)X) =











(1−αpX)2 if θ(p) = 1, pr = q1q2,N(qi) = p,

(1−α2
pX2), if θ(p) =−1, pr= q,N(q) = p2,

(1−αpX) if θ(p) = 0, pr = q2,N(q) = p.
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Thus, ifX = p−s, X2 = p−2s, N(q) = p, Zq(X)−1

=











∏2n
i=1(1−N(q1)

2nt−1
q1q2,iX)(1−N(q2)

−1tq1q2,iX), if θ(p) = 1,

∏n
i=1 (1−N(q)n−1tq,iX2)(1−N(q)nt−1

q,i X2), if θ(p) =−1,

∏n
i=1 (1−N(q)n−1tq,iX)(1−N(q)nt−1

q,i X), if θ(p) = 0.

=











∏n
i=1(1− γp,iX)2∏n

i=1(1−δp,iX)2 if θ(p) = 1, i.e. pr= q1q2,

∏n
i=1(1−α2

p,iX
2)∏n

i=1(1−β2
p,iX

2), if θ(p) =−1, i.e. pr= q,

∏n
i=1(1−α′

p,iX)∏n
i=1(1−β′

p,iX) if θ(p) = 0, i.e. pr= q2,

whereα′
p,i = pn−1tq,i , β′

p,i p
nt−1
q,i , γp,i = p2nt−1

q1q2,i , p−1tq1q2,i . It follows that

∏q|p Zq(N(q)−n−(1/2)X) = X4n+ · · ·
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[Hur1899] HURWITZ, A., Über die Entwicklungskoeffizienten der lemniskatischen Funktionen,
Math. Ann., 51 (1899), 196-226; Mathematische Werke. Vols.1 and 2, Birkhaeuser, Basel,
1962-1963, see Vol. 2, No. LXVII.

[Ich12] ICHIKAWA , T., Vector-valued p-adic Siegel modular forms, J. reine angew. Math., DOI
10.1515/ crelle-2012-0066.

[Ka76] KATZ , N.M., p-adic interpolation of real analytic Eisenstein series.Ann. of Math. 104
(1976) 459–571

[Ka78] KATZ , N.M., p- adic L-functions for CM-fields.Invent. Math. 48 (1978) 199-297
[KiNa16] K IKUTA , Toshiyuki, NAGAOKA , Shoyu,Note on mod p property of Hermitian modular

formsarXiv:1601.03506 [math.NT]
[Kl] K LOSIN ,K., Maass spaces on U(2,2) and the Bloch-Kato conjecture for thesymmetric

square motive of a modular form, Journal of the Mathematical Society of Japan, Vol. 67,
No. 2 (2015) pp. 797-860.

[Ko80] KOBLITZ, Neal,p-adic Analysis. A Short Course on Recent Work, Cambridge Univ. Press,
1980

[KuLe64] Kubota, T., Leopoldt, H.–W. (1964): Einep−adische Theorie der Zetawerte. I. J. reine u.
angew. Math.,214/215, 328-339 (1964).
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